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The problem of determining the commutative ntire rings which have the 
property that each finite rank torsion-free R-module is a direct sum of rank 
one modules was first considered in 1952 by I. Kaplansky [6], who showed 
that maximal valuation domains have this property. This problem has been 
studied rather extensively by E. Matlis, who calls such rings D-rings (see 
Ref. [9-22)). An exposition of most of the results on this problem is given 
in [21]. Although no characterization of the class D-rings is known, Matlis 
has characterized the integrally closed D-rings as well as the non-local 
h-local domains which are D-rings [20, 211. For the case that R is 
Noetherian this problem was considered by Kaplansky [7, S] and was 
finished off by Matlis [lS]. No further results on quasi-local D-rings have 
been obtained since 1972. It follows from [19, Theorem 21 or [21, 
Theorem 721 that each quasi-local D-ring R is an intersection of reflexive 
rings which are contained in the integral closure of R, and these reflexive 
rings are then also quasi-local D-rings. Thus it seems that the next class of 
rings to consider is the class of reflexive D-rings. In this paper we give a 
characterization of these rings. 
1. NOTATION AND TERMINOLOGY 
We begin by recalling some terminology. A ring R which is not 
necessarily a domain is called a oaluation ring if its set of ideals is linearly 
ordered. An R-module M is said to be linearly compact in the discrete 
topology if each directed family {x, + Mj I jE Jj of cosets of M has non- 
empty intersection. When we say linearly compact we will always mean 
linearly compact in the discrete topology. A valuation ring is said to be 
maximal if it is linearly compact. Whenever in this paper R is a domain, we 
denote by Q its quotient field and denote by K the R-module Q/R. An 
R-module M is said to be torsionless (respectively reflexhe) if the canonical 
map M + Hom,(Hom,(M, R), R) is injective (respectively bijective). M is 
said to be reduced if it has no divisible submodules. Following Matlis, we 
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say that a domain R is torsionless if each reduced torsion-free R-module of 
finite rank is torsionless. The rank of a torsion-free R-module M is defined 
as the dimension of the Q-vectorspace Q@, M. The domain R is said to be 
reflexive if each torsionless R-module of finite rank is reflexive. If R is both 
torsionless and reflexive then R is said to be completely reflexive. An 
R-module M is said to be uniserial if its submodules are linearly ordered 
under inclusion. We will need to extend the notion of rank to modules 
other than torsion-free modules over an integral domain. Thus if R is not a 
domain or if M is an R-module which is not torsion-free, then by the rank 
of M we mean the uniform dimension or Goldie dimension of M. See [28] 
for example. This is defined as the greatest integer n such that M contains a 
direct sum of n non-zero submodules. If R is a domain and J is an R-sub- 
module of Q, we denote (R:oJ)= {xEQIxJER} by J-‘. 
2. PRELIMINARY RESULTS 
By [21, Theorem 721 or [19, Theorem 31, the integral closure V of a 
quasi-local D-ring R is a maximal valuation ring. We will need the follow- 
ing property of the R-module V/R, which is a reinterpretation of some of 
the properties of V given in [19] or [21]. 
LEMMA 1. Let (R, m) be a quasi-local D-ring with integral closure 
(V, N). Then V/R is a uniserial R-module. 
Proof: Let M = V/R and let f: V + M be the canonical map. We must 
show that if x, YE V then R(Z) E R(j) or R(j) c R(x), where 
z=z+R~V/Rforz~V.But by [19, Lemma21or [21,Theorem61], the 
R-submodule B of V generated by 1, x, y is generated by two of these 
elements. Since 1 $mB and B/mB is generated by two elements, B is 
generated by either 1 and x or 1 and y. Thus X E R(j) or YE R(x). 
LEMMA 2. Let (R, m) be a valuation ring and M a linearly compact 
R-submodule of a direct sum E = E, 0 ’ GE,, of uniserial modules. Let 
Mi=MnEi. Then M=M,@ ... OM,. 
Proof: By [2, Lemma 161 for some i, say i= 1, Mi = Mn Ei is pure in 
M. But then M, is linearly compact [32] and by [31, Theorem 2 and 
Proposition 91, M, is pure-injective. Thus M= M, ON, for some sub- 
module N, of F, =EZ@ ... 0 E,, and E/M= E,/M, @ F,/N,. We can 
finish by induction on n. 
LEMMA 3. Let (R, m) be a maximal valuation ring and M an R-sub- 
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module of E = E, @ ..’ @E,, where each E, is linearly compact. Let 
Mi=MnEi. Then M=M,@ ... OM,. 
Proof By the main result of [3] each indecomposable injective 
R-module is uniserial. Since E; is linearly compact its injective envelope is a 
finite direct sum of indecomposable injectives [32, Poposition 61. Therefore 
by Lemma 2 above each Ej is a direct sum of uniserial modules. Thus the 
result follows from Lemma 2. 
LEMMA 4. Let (R, m) be a quasi-local ring with integral closure V and let 
M be a torsion-free R-module of rank n. Let F(M) be the V-module 
(MQ, V)/TV(MOR V), where T,(A) denotes the torsion V-submodule of 
the V-module A. Then F(M) is a torsion-free V-module of rank n. 
Proof: This follows from the transitivity of change of rings. 
In what follows we will continue to use F to denote the functor defined 
in the above lemma. We recall some needed facts about Morita duality. 
DEFINITION. Let R and S be commutative rings with identity. We say a 
Morita duality exists from R to S if there exists an additive contravariant 
category-equivalence F: A -+ B, where A and B are Serre subcategories of 
the categories of R-modules and S-modules respectively which contain the 
categories of finitely generated modules. If a Morita duality from R to 
some ring S exists we say that R has a duality. Morita [23] and 
Azumaya [l] have shown that the Morita dualities are precisely the 
functors Hom,( , E) induced by a bimodule E which is an injective 
cogenerator as an R-module and as an S-module such that 
S = Hom,(E, E) and R = Hom,(E, E). The natural domain for such a 
duality is the category of E-reflexive R-modules, and Muller [24] has 
shown that if R has a duality then the E-reflexive R-modules are exactly 
the R-modules which are linearly compact. He also showed in [24] that a 
ring R has a duality if and only if R and a minimal cogenerator E are 
linearly compact. In [30, Theorem 2.121 it was shown that an integral 
domain R has a duality if its quotient field is linearly compact as an 
R-module. The following result shows the relevance of these notions to 
reflexive D-rings. 
THEOREM 1. If (R, m) is a completely reflexive ring or a D-ring then R 
has linearly compact quotient field. In particular R has a duality. 
Proof: First we show that in each case R has a duality. Since a maximal 
valuation ring has a duality by [9, 29, Proposition 4.31 and the integral 
closure of R is a maximal valuation ring [21, Theorems 53 and 721, we 
may assume that R is not integrally closed. First assume that R is com- 
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pletely reflexive. Then K is the injective envelope of R/m [21, Theorem 291 
and R = Hom,(K, K) by [21, Theorems 10 and 421. Thus R has a duality. 
If R is a D-ring then R is torsionless by [21, Theorems 42, 61, and 831. If R 
is not reflexive then for XE V-R, we have ring extensions 
R c R + mx G R + Rx by [21, Theorem 621, and R + mx is a reflexive 
D-ring [21, Theorem 711. By [29, Theorem 2.81, a ring A has duality if 
and only if a finite ring extension of A has duality. Thus R has a duality. 
We now have that R is linearly compact [24] and that the integral closure 
V has non-zero conductor in R. It follows from this that the quotient field 
Q of R is a linearly compact R-module. Indeed let {x, + Q% 1 c( E A } be a 
directed family of cosets of R-submodules Q, of Q. Choose /? E ,4 such that 
QP # Q. Then (Q,, xa) # Q since R is torsionless. Let b E R - { 0} be such 
that bQ, c_ R and bxpE R. Then {bxp+bQ,nbx,+bQ,IccEA) is a 
directed family of cosets of R. Thus n {bxa + bQp n bx, + bQ, 1 C( E A} = 
nPx~+bQab4+(a~ 
3. REFLEXIVE D-RINGS 
In [ 15, Corollary 2.2.1, reflexive rings R are characterized by the proper- 
ties (a) each ideal of R is reflexive and (b) K is injective, and examples are 
given to show that neither of these properties is a consequence of the other. 
For D-rings we have 
THEOREM 2. rf (R, m) is a D-ring then every finitely generated ideal of R 
is reflexive if and only if K is injective. 
ProoJ If A is a finitely generated ideal of R then A can be generated by 
two elements [21, Theorem 561 and hence A is reflexive if and only if 
Extk(A, R) = 0 [21, Theorem 331. But Extk(A, R) = Exti(R/A, R) = 
Extk(R/A, K). Thus finitely generated ideals of R are reflexive if and only if 
Extk(R/A, K) = 0 for each finitely generated ideal A and we must show that 
this implies that ExtL(R/A, K) = 0 for every ideal A. Let f: J+ K be a 
homomorphism of an ideal into K. We must show that there exists an a E K 
such f (r) = ret for each r E J. Let J, E J be a finitely generated ideal. Then J, 
is generated by two elements and thus 0 = ExtX(J,, R) = ExtX(R/J,, K). 
Thus for each finitely generated ideal J, E J there is an a, E K such that 
f(r) = ra, for each r E J,. The system x = a, mod(O: K J,) is finitely solvable. 
Thus the desired element aE K exists since Q is linearly compact by 
Theorem 1, and thus K is linearly compact. 
COROLLARY. A quasi-local D-ring (R, m) is rejlexive if and only if each 
ideal of R is reflexive. 
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Remark. Not all quasi-local D-rings are reflexive. Indeed a maximal 
valuation domain is a D-ring by [6] or [21, Theorem 651. However, a 
valuation ring is reflexive only if it has principal maximal ideal [ 15, 
Proposition 3.111. 
The following theorem gives a characterization of quasi-local reflexive 
D-rings. It is shown in [21, Theorem 301 that a reflexive ring is h-local. 
Thus the following result together with Matlis’ result [21, Theorem 781 
furnishes a complete characterization of the reflexive D-rings. Recall that if 
R has non-zero conductor I in an overring V then R is a pullback of the 
morphisms V + V/I and R/I + V/I. 
THEOREM 3. Let (R, m) be a quasi-local ring with integral closure V and 
conductor I. Then R is a reflexive D-ring if and only if (a) V and R/I are 
maximul valuution rings, (b) Q is a linearly compact R-module, and (c) the 
ideals of R are reflexive. 
Proof: ( = ) We may assume I # 0. We first show that in this case R is 
torsionless. Since V is complete in the V-topology it is complete in the R- 
topology [21, Theorem 151. Thus R is complete in the R-topology [21, 
Theorems 14 and 831. Thus to show that R is torsionless it suffices to show 
that every reduced torsion-free R-module of rank 1 is torsionless [21, 
Theorem 421. If A is such an R module then we may assume that A G Q. 
Let t-El- (0). If VA = Q then Q=rQ=rVA GA, a contradiction. Thus 
we may choose an XE Q - VA. Then if yx~ V, y E V then ryE R and 
ryA z R. 
Let M be a finite rank torsion-free R-module. We have M G F(M) = 
E, @ . GE,,, where each Ei is a uniserial V-module since V is a maximal 
valuation ring [21, Theorem 651. Further, each E, is isomorphic to a sub- 
module of Q, and thus is linearly compact as an R-module since Q is a 
linearly compact R-module by hypothesis. Since IA4 is a V-module, 
IA4 = N, 0 .. . ON,,, where N, = ZM n E, by Lemma 3. Thus M/IA4 c 
F(M)/IM= EJN, @ ... @ EJN,. Since the EJN, are linearly compact 
we get from Lemma 3 that MIIM= FJIM @ . @ F,,/IM, where 
F,= (E,n M) + ZM. It then follows from the five lemma that 
M=(E,nM)@ ... 0 (E, n M). Thus R is a D-ring. That R is reflexive 
follows Theorem 2 or its corollary. 
(a) V is a maximal valuation ring by [21, Theorem 721. To show 
that R/I is a valuation ring let A and B be ideals of R containing I. Since A 
and B are reflexive, to show that one of these ideals contains the other it 
suffices to show that one of A i or B ~ ’ contains the other. But this follows 
from Lemma 1. Further, since R has a duality by Theorem 1, R/Z does also. 
Thus R/I is maximal [9, 29, Proposition 4.31. Property (b) follows from 
Theorem 1 and property (c) is obvious. 
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The reflexive rings have been characterized by Matlis, e.g., [21, 
Theorem 291. Our characterization of the reflexive D-rings among the 
quasi-local reflexive rings takes a particularly simple form. 
COROLLARY. Let (R, m) he a quasi-local reflexive ring with integral 
closure V and conductor I. Then R is a D-ring {f and only if V and R/I are 
maximal valuation rings. 
Proaf ( r= ) We may assume that I is proper and non-zero since 
maximal valuation rings are D-rings. As in the first part of the proof of 
Theorem 3, we see that R is completely reflexive and thus the quotient field 
Q of R is linearly compact by Theorem 1. Thus we may apply Theorem 3. 
(=>) This follows from Theorem 3. 
Using the characterization [21, Theorem 291 of reflexive rings we also 
get the following characterization of reflexive D-rings. 
THEOREM 4. A quasi-local ring (R, m) with integral closure V and con- 
ductor I is a reflexive D-ring tf and only if (a) V and R/I are maximal 
valuation rings and (b) Q/R is the injective envelope of R/m. 
Remark. It is not true that every quasi-local domain with duality is a 
D-ring. Indeed an integrally closed quasi-local D-ring is a maximal 
valuation ring [21, Theorem 721, whereas an example is given in [30, 
Example 3.31 of an integrally closed domain with a duality which is not a 
valuation ring. 
4. FURTHER PROPERTIES OF D-RINGS 
A result of Matlis which is related to Theorem 3 is [21, Theorem 751. It 
asserts that a quasi-local ring (R, m) with integral closure V and conductor 
I is a D-ring if I= m and V is a maximal valuation ring which is generated 
over R by two elements. In this case R is automatically reflexive. In this 
section we consider the case where, in addition to these conditions, m is 
maximal in V. This involves seminormality and pseudo-valuation rings. 
Recall that a ring R is called seminormal if a, h E R and a* = h3 3 there 
exists c E R such that c3 = a and c2 = h. References for seminormal rings are 
[27, 281. A quasi-local ring (R, m) is a pseudo-valuation ring,for a valuation 
domain (V, N) if V= (m: em). The main references for pseudo-valuation 
rings are [4, 51. In particular, in [4, Theorem 1.43, a quasi-local domain 
(R, m) with quotient field Q is shown to be a pseudo-valuation domain if 
and only if x, 1’ E Q and XJJ E m * x E m or ~1 Em. 
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THEOREM 5. Let (R, m) be a quasi-local domain with integral closure 
(V, N) # (R, m). The following properties qf R are equivalent. 
(1) R is a pseudo-valuation ring for V and V is a maximal valuation 
ring which is generated as an R-module by two elements. 
(2) R is a seminormal rejlexive D-ring and m is not a principal ideal 
of R. 
(3) R is a reflexive D-ring and m = N. 
Proof: (1) + (2) Since R is a pseudo-valuation ring for V then m is 
the conductor of V in R and thus R is a reflexive D-ring by [21, 
Theorem 753. That pseudo-valuation rings are seminormal is immediate. 
Indeed if a2 = b3 consider (a/b)‘= b. That m is not principal follows since 
V#R. 
(2) * (3) Let S= m ‘. Then S is an overring of R which is quasi- 
local by [21, Theorem 481 and m is the conductor of S in R. Let M, be the 
maximal ideal of S. By [21, Theorem 481, Q/S- ’ = Q/m is the injective 
envelope of S/M, as an S module. But since m is the conductor of S in R 
and R is seminormal, m is a radical ideal of S [28, Lemma 1.31. Further, 
since there is a unique prime of S lying over m, m remains prime in S. Thus 
m = M, and Q/m = the injective envelope of SJm as an S-module. Thus 
(S, m) is a valuation domain [22, Proposition 4.11. Thus (V, N) = (S, m). 
(3)+(l) m=Nand Rf Vcm-‘*V=m~‘sincem~‘/R~Rlmby 
[21, Theorem 661. Thus R is a pseudo-valuation domain. That V is 
generated over R by two elements follows from [21, Theorem 661. 
Remark. Let (R, m) be a quasi-local reflexive D-ring with integral 
closure V and conductor I. By the main theorem of [3] the R/Z injective 
envelope E, = E(.,,,(R/m) of R/ m is uniserial. In fact it follows that 
E,= V/R, which is uniserial by Lemma 1. To show this recall that 
E, = (0: EI), where E = E,(R/m) [26, Proposition 2.271. Further, E = Q/R 
by [21, Theorem 291 and hence E, = I-‘/R. To show I-‘/R = V/R it suf- 
fices to show that I= VP’. That ZC VP’ is clear, and if XE VP1 then XE R 
and hence x E I. Thus I= VP ’ and E, = V/R is uniserial. 
REFERENCES 
1. G. AZUMAYA, A duality theory for injective modules, Amer. J. Math. 81 (1959), 249-278. 
2. L. FWHS AND L. SALCE, Uniserial modules over valuation rings, J. Algebra 85 (1983), 
14-31. 
3. D. T. GILL, Almost maximal valuation rings, J. London Math. Sot. 4 (1971), 14&146. 
4. J. R. HEDSTROM AND E. G. HOUSTON, Pseudo-valuation domains, PaciJic J. Math. 75 
(1978), 137-147. 
88 DAVID E. RUSH 
5. J. R. HEDS~ROM AND E. G. HOUSTON, Pseudo-valuations II, Houslon J. Math. 4 (1978). 
6. I. KAPLANSKY, Modules over Dedekind rings and valuation rings, Trans. Amer. Math. 
Sot. 72 (1952), 327-340. 
7. I. KAPLANSKY, Decomposability of modules, Proc. Amer. Math. Sot. 13, (1962), 532-535. 
8. I. KAPLANSKY, “Infinite Abelian Groups,” Univ. of Michigan Press, Ann Arbor, 1969. 
9. E. MATLIS, lnjective modules over Prufer rings, Nagoya Marh. J. 15 (1959), 57-69. 
10. E. MATLIS, Divisible modules, Proc. Amer. Ma/h. Sot., 11, No. 3 (1960), 385-391. 
Il. E. MATLIS, Some properties of Noetherian domains of dimension 1, Canad. J. Math. 3 
(1961), 569-586. 
12. E. MATLIS, Cotorsion modules, Mem. Amer. Math. Sot. 49 (1964). 
13. E. MATLIS, Decomposable modules, Trans. Amer. Math. Sot. 125 (1966), 147-179. 
14. E. MATLIS, The decomposability of torsion-free modules of finite rank, Trans. Amer. Math. 
Sac. 134, No. 2 ( 1968), 315-324. 
15. E. MATLIS, Reflexive domains, J. Algebra, 8 (1968), l-33. 
16. E. MATLIS, The two-generator problem for ideals, Michigan Math. J. 17 (1970), 257-265. 
17. E. MATLIS, Rings of type I, J. Algebra 23 (1972), 7687. 
18. E. MATLIS, Rings of type 11, Michigan Math. J. 19 (1972), 141-147. 
19. E. MATLIS, Local D-rings, Math. Z. 124 (1972), 266-272. 
20. E. MATLIS, Rings with property D, Trans. Amer. Math. Sot. 170, No. 2 (1972), 4-37. 
21. E. MATLIS, “Torsion-Free Modules,” Univ. of Chicago Press, Chicago/London, 1972. 
22. E. MATLIS, Ideals of injective dimension 1, Michigan Math. J. 29 (1982), 335-356. 
23. K. MORITA, Duality for modules and its applications to the theory of rings with minimum 
condition, Sci. Rep. Tokyo Duiguku, 6 (1958), 83-142. 
24. B. J. MULLER, Linear compactness and Morita Duality, J. Algebru 16 (1970), 60-66. 
25. L. SALCE AND P. ZANARDO, Finitely generated modules over valuation rings, Comm. 
Algebra 12(15) (1984), 1795-1812. 
26. D. W. SHARPE AND P. VAMOS, “Injective Modules,” Cambridge Univ. Press, Cambridge, 
1972. 
27. R. G. SWAN, On seminormality, J. Algebra 67 (1980), 21&229. 
28. C. TRAVERSO, Seminormality and the Picard group, Ann. Scuola Norm. Sup. Pisu. 24 
(1970), 585-595. 
29. P. VAMOS, Classical rings, J. Algebra 34 (1975), 114-129. 
30. P. VAMOS, Rings with duality, Proc. London Math. Sot., 35 (1977), 275-289. 
31. R. B. WARFIELD, JR., Purity and algebraic compactness for modules, Pac$c J. Marh. 28 
(1969), 699-719. 
32. D. ZELINSKY, Linearly compact modules and rings, Amer. J. Math. 75, No. 1 (1953), 
79-90. 
